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Abstract
A free test particle in 5-dimensional Kaluza-Klein spacetime will show
its electricity in the reduced 4-dimensional spacetime when it moves along
the fifth dimension. In the light of this observation, we study the coupling
of a 5-dimensional dust field with the Kaluza-Klein gravity. It turns out
that the dust field can curve the 5-dimensional spacetime in such a way
that it provides exactly the source of the electromagnetic field in the 4-
dimensional spacetime after the dimensional reduction.
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1 Introduction
A unified formulation of Einstein’s theory of gravitation and Maxwell’s theory
of electromagnetism in 4-dimensional spacetime was first proposed by Kaluza
and Klein using 5-dimensional geometry[1][2]. The original Kaluza-Klein (K-
K) theory assumed the so-called ”Cylinder Condition”, which means that there
exists a spacelike Killing vector field ξa on the 5-dimensional spacetime (Mˆ, gˆab)
[3]-[5]. In addition, Kaluza demands also that ξa is normalized, i.e.,
φ ≡ gˆabξaξb = 1. (1)
Note that the abstract index notation[6] is employed throughout the paper and
the signature of the 5-metric is of the convention (−,+,+,+,+). Later research
shows that the ansatz (1) may be dropped out and the φ may play a key role
in the study of cosmology[7]-[10]. Being the extra dimension, the orbits of ξa
are geometrically circles. The physical consideration that any displacement in
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the usual physical 4-dimensional spacetime should be orthogonal to the extra
dimension implies that the ”physical” 4-dimensional metric should be defined
as:
gab = gˆab − φ−1ξaξb. (2)
For practical calculation, it is convenient to take a coordinate system {zM =
(xµ, y)|µ = 0, 1, 2, 3}with coordinate basis (eM )a = {(eµ)a, (e5)a} on Mˆ adapted
to ξa, i.e., (e5)
a = ( ∂
∂y
)a = ξa. Then the 5-metric components gˆMN take the
form:
gˆMN =
(
gµν + φBµBν φBµ
φBν φ
)
, (3)
where gˆµ5 ≡ φBµ. So, locally, the ”physical” spacetime can be understood as a
4-manifold M with the coordinates {xµ} endowed with the metric gab.
The whole theory is governed by the 5-dimensional Einstein-Hilbert action:
SG = − 1
2kˆ
∫
Mˆ
√
−gˆRˆ. (4)
Suppose the range of the fifth coordinate to be 0 ≤ y ≤ L and the 4-dimensional
gravitational constant to be k = kˆ/L. Let Bµ = fAµ, f
2 = 2k, then equation
(4) becomes a coupling action on M as:
SˆG =
∫
M
√−g
√
φ[− 1
2k
R+
1
4
φFab(A)F
ab(A)], (5)
where R is the curvature scalar of gab on M and Fab(A) ≡ 2∂[aAb]. Thus, it
results in a 4-dimensional gravity gab coupled to an electromagnetic field Aa and
a scalar field φ. It is clear that, under the ansatz (1), 5-dimensional K-K theory
unifies the Einstein’s gravity and the source-free Maxwell’s field in the standard
formulism. However, we know in the actual world that any electromagnetic fields
as well as curved geometries are necessarily caused by some sources. Therefore,
to arrive at a realistic K-K theory, one has to find the source1 in Mˆ , which is
responsible for the electromagnetic field in M .
In section 2, the dynamics of a classical test particle in 5-dimensional K-K
spacetime is considered. It is shown that the motion of the particle along the
extra dimension is responsible for its electricity in the 4-dimensional spacetime.
This motives us to study the coupling of a dust field with the 5-dimensional
gravity in section 3. The corresponding 4-dimensional formulism of the coupling
is obtained. At last, by invoking the ansatz (1), a clear physical explanation of
the dust as the source for the electromagnetic field is provided.
2 Classical Particle in K-K Spacetime
The geodesic motion of a classical particle in K-K spacetime has been studied
by many authors [12]-[16]. Here we will sketch the basic idea and try a slightly
1After this paper is published, we notice an earlier work [11] which concerns the same issue
as ours.
2
different presentation. Let V a be the 5-velocity of a test particle in the 5-
dimensional spacetime (Mˆ, gˆab). Then we can decompose V
a into its projection
ua in the ”physical” spacetime (M, gab) and another vector u
a
⊥
which represents
its motion along the fifth dimension, i.e.,
ua ≡ gabV b = V µ(eµ)a − (BµV µ)(e5)a, (6)
ua⊥ ≡ V a − ua = (V 5 +BµV µ)(e5)a, (7)
where gab ≡ δab − φ−1ξaξb is the projective map which can project any 5-vector
into a vector in M . Since gab(e5)
b = 0, the 4-velocity of the particle in M can
be defined as:
va ≡ V
µ(eµ)
a√−V µVµ , (8)
where V µVµ ≡ gµνV µV ν . The worldline of a free particle in (Mˆ, gˆab) is a
timelike geodesic satisfying:
d2zM
dτ2
+ ΓˆMNR
dzN
dτ
dzR
dτ
= 0, (9)
where ΓˆMNR is the Christoffel symbol of gˆMN and dz
M/dτ = VM . Eq. (9) can
be rewritten as:
dV µ
dτ
+ ΓˆµNRV
NV R = 0, (10)
dV 5
dτ
+ Γˆ5NRV
NV R = 0. (11)
It is not difficult to see that Eq.(11) implies [12]
dQ
dτ
≡ VM∂M [φ(BρV ρ + V 5)] = 0. (12)
From Eq.(3) one knows that the line element of gˆab reads
dsˆ2 = ds2 + φ(Bµdx
µ + dy)2, (13)
where ds2 is the line element of gab. Hence from Eqs. (13) and (12) we can
obtain the relation of the particle’s proper time τ in Mˆ and proper time t in M
as
dt = dτ
√
1 +Q2/φ. (14)
In the light of Eq.(14), one can further show that Eq.(10) leads to
vρ∇ρvµ − fQ√
1 +Q2/φ
Fµν (A)v
ν − Q
2
2(1 +Q2/φ)φ2
(∂µφ+ vµvν∂νφ) = 0, (15)
where ∇a is the covariant derivative of gab in M . Since Q is a constant of the
motion, we can define a charge:
q ≡ fmQ√
1 +Q2
, (16)
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where m denotes the mass of the classical particle. When we drop the influence
of the scalar field φ by ansatz (1), Eq.(15) takes the form:
vb∇bva − q
m
F ab (A)v
b = 0. (17)
It coincides exactly with the equation for the motion of an electrically charged
particle in the electromagnetic field [17], and hence q gets its physical meaning
as the electric charge. Note that the electric charge q defined here is different
from that in Refs. [12] and [13]. Recalling the definition of ua
⊥
, we conclude
that the so-called electric charge in four dimensions is just a manifestation of a
particle’s motion along the fifth dimension in K-K spacetime.
3 A Source of K-K Spacetime
To look for the source of the electromagnetic field and the curved K-K spacetime,
the result in last section motivates us to consider a 5-dimensional dust field with
5-velocity V a in Mˆ . It is determined by the action:
SˆD = −
∫
Mˆ
√
−gˆµˆ, (18)
where the proper energy density µˆ is adjusted to keep the fluid current vector
ja ≡ µˆV a conserved. The variation of action (18) with respect to the flow line
of the fluid yields [18]
µˆV b∇ˆbV a = 0, (19)
where ∇ˆb is the covariant derivative of gˆab in Mˆ . Hence the flow lines of the dust
are timelike geodesics in the 5-dimensional spacetime. The energy-momentum
tensor of the dust field reads
Tˆab = µˆVaVb. (20)
Suppose that the dust is reduced to some fluid in M . Let P be a ”comoving
observer” inM , with Eq.(8) as its 4-velocity. Then P corresponds to an observer
Pˆ in Mˆ with 5-velocity
vˆa =
ua√−V µVµ , (21)
where ua is defined as Eq.(6). Thus the energy density of the dust with respect
to Pˆ will be
µ¯ = Tˆabvˆ
avˆb = µˆ(−V µVµ). (22)
Note that we have
− 1 = V aVa = V µVµ + φ(V ρBρ + V 5)2. (23)
We now follow the arguments in last section on free particles in K-K spacetime
to endow the electricity to the fluid inM . According to Eq.(16), one may define
4
ρ¯ ≡ fµ¯Q/
√
1 +Q2 to be the ”electric charge density” of the fluid. However,
the observer P can only observe 4 dimensions, so the energy density of the fluid,
which P actually measures in M , is not µ¯ but µ = µ¯L. Correspondingly, the
electric charge density in M is ρ = Lρ¯. Similar to Eq.(15) we can obtain from
Eq.(19) the reduced 4-dimensional field equation of the fluid in M as
µvρ∇ρvµ − γFµν (A)Jν −
µQ2
2(1 +Q2/φ)φ2
(∂µφ+ vµvν∂νφ) = 0, (24)
where we have defined γ ≡
√
φ(1 +Q2)/(φ+Q2) and Ja = ρva is the electric
4-current density.
We now consider the reduction of 5-dimensional Einstein’s equation:
RˆMN − 1
2
gˆMN Rˆ = kˆµˆVMVN , (25)
which is equivalent to
RˆMN = kˆµˆ(VMVN +
1
3
gˆMN ). (26)
It is not difficult to show from Eq.(3) that the components of the 5-dimensional
Ricci tensor Rˆab can be expressed as [9]:
Rˆ55 =
1
2
kφ2F σρFσρ − 1
2
∇µ∇µφ+ 1
4φ
(∇µφ)∇µφ, (27)
Rˆµ5 =
f
2
(φ∇νFµν+ 3
2
Fµν∇νφ)+Bµ[ 1
2
kφ2F σρFσρ− 1
2
∇ν∇νφ+ 1
4φ
(∇νφ)∇νφ],
(28)
Rˆµν = Rµν − kφF σµ Fσν −
1
2φ
∇µ∇νφ+ 1
4φ2
(∇µφ)∇νφ
+BµBν [
1
2
kφ2F σρFσρ − 1
2
∇σ∇σφ+ 1
4φ
(∇σφ)∇σφ]
+
f
2
Bµ(φ∇σFνσ + 3
2
Fνσ∇σφ) + f
2
Bν(φ∇σFµσ + 3
2
Fµσ∇σφ).(29)
Plunging Eq.(27) into Eq.(26) we obtain a coupling equation for the matter
fields as
1
2
kφ2F abFab =
1
2
∇a∇aφ− 1
4φ
(∇aφ)∇aφ+ kµφ[1− 2φ
3(φ+Q2)
]. (30)
Plunging Eq.(28) into Eq.(26) and using Eq.(30), we obtain an electromagnetic
field equation with source as
φ∇bFab + 3
2
Fab∇bφ = γJa. (31)
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Plunging Eq.(29) into Eq.(26) and using Eqs. (30) and (31), we obtain a 4-
dimesional Einstein equation with source as
Gab = k[µvavb+φ(F
c
aFcb−
1
4
gabF
cdFcd)+
1
k
√
φ
(∇a∇b
√
φ−gab∇c∇c
√
φ)], (32)
where Gab is the Einstein tensor of gab.
Now we turn to the variational principle. In the light of Eq.(23), action (18)
can be written as:
SˆD =
∫
Mˆ
√−gˆ µ¯
V µVµ
= − ∫
Mˆ
√−gˆµ¯(1 + φ(V ρBρ+V 5)2
V µVµ
)
= − ∫
Mˆ
√−gˆµ¯(1 − QBλvλ√
−V µVµ
+ QV
5
V µVµ
),
(33)
which is reduced to a 4-dimensional action for the fluid on M as:
SˆD = −
∫
M
√−g
√
φ(µ− γJµAµ − γρV
5
f
√
1 +Q2/φ
). (34)
Thus the total action of K-K gravity coupled with a dust field reads:
SˆG+SˆD =
∫
M
√−g
√
φ[− 1
2k
R+
1
4
φFµν(A)F
µν (A)−µ+γJµAµ+ γρV
5
f
√
1 +Q2/φ
].
(35)
Recall that the K-K spacetime admits a killing vector field ξa, which will cor-
respond to a conservative vector:
P a = Tˆ abξb = µˆV
aV b(e5)b =
γ
Lf
[Jµ(eµ)
a +
ρV 5(e5)
a√
1 +Q2/φ
]. (36)
It follows that
√−gˆP a and hence the components √−gˆγρV 5/(f
√
1 +Q2/φ)
and
√−gˆγJµ are invariant under the variation with respect to the metric com-
ponents gˆMN (or gµν , φ and Aµ)[18]. Therefore the last term in action (35)
can be neglected if one only concerns the fields equations equivalent to the
5-dimensional Einstein equations. We thus get an action on M as
S =
∫
M
√−g
√
φ[− 1
2k
R+
1
4
φFab(A)F
ab(A)− µ+ γJaAa], (37)
which coincides with the 4-dimensional coupled action of gravity, charged fluid,
electromagnetic field and a scalar field. Its variations with respect to φ, Aµ, and
gµν yield respectively Eqs. (30), (31) and (32) exactly. Note that the energy
density µ contains also the variational information of µˆ with respect to φ whence
the last two terms in action (35) are invariant.
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4 Discussion
To reveal the physical meaning of the coupled dust field, we invoke Kaluza’s
ansatz (1). Then the field equations (24), (30), (31) and (32) become respec-
tively
µvb∇bva = F ab Jb, (38)
1
2
F abFab = kµ[1− 2
3(1 +Q2)
], (39)
∇bFab = Ja, (40)
Gab = k(T
(D)
ab + T
(E)
ab ), (41)
where T
(D)
ab ≡ µvavb and T (E)ab ≡ F caFcb − 14gabF cdFcd are respectively the usual
energy-momentum tensors of the dust and the electromagnetic fields. Subject
to Eq.(39), Eqs. (38), (40) and (41) are respectively the standard 4-dimensional
Lorentz, Maxwell and Einstein equations for the coupling of charged fluid, elec-
tromagnetic field and gravity. Therefore, the 4-dimensional manifestation of a
dust field in K-K spacetime can be understood as the source of the reduced
electromagnetic field in the ”physical” spacetime, provided the dust has motion
along the fifth dimension. Thus we have found the source for the electromag-
netic field as well as the curved 5-dimensional spacetime. Note that a test
particle can only show the effects of a spacetime on itself by its motion, but
the particle does not affect the background spacetime. Hence the well-known
fact about a free particle in a given K-K spacetime could not ensure our result,
which concerns the effects of a dust field on the 5-dimensional spacetime. This
is certainly a non-trivial physical result, although the motivation is obvious. It
further completes the physical explanation of the electric charge as the motion
of a free particle along the extra dimension in K-K theory.
The physical meaning of the dust field is obvious also from the viewpoint
of the action. If we had imposed ansatz (1) into action (37) directly, it would
become
S =
∫
M
√−g[− 1
2k
R+
1
4
Fab(A)F
ab(A)− µ+ JaAa], (42)
which coincides with the standard 4-dimensional coupled action of gravity, elec-
tromagnetic field and charged fluid. This action would result in the field equa-
tions (41) and (40) without the restrictive equation (39).
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